Introduction
So far as a phase transition takes place at room temperature, classical thermodynamics account the physical properties successfully. However, KH 2 PO 4 (KDP) has been considered to be a quantum system [1] , because proton is light enough to display the quantum behavior around the phase transition temperature of 123K [2] . Therefore a quantum Ising model (QIM) has been applied to explain the remarkable isotope effect between proton and deuteron [1, [3] [4] [5] . Another example of the quantum system is SrTiO 3 (STO), in which the quantum fluctuation (zero-point vibration) is considered to destroy the ferroelectric order even at zero temperature [6] . The quantum paraelectric character of STO is demonstrated by Barrett's relation of the permittivity [7, 8] .
About a decade ago, ferroelectricity was discovered in STO18, where oxygen of STO is replaced by a heavy isotope 18 O [9] . The transition temperature (T c ) decreases with reducing the 18 O concentration x [9, 10] . The temperature dependence of the permittivity for the mixed crystal SrTi 16 O 1-x 18 O x (STO-x) was successfully fitted to the Barrett's relation [10] . The phase transition has been explained by using three-state quantum Ising model [11] . The T c -x phase diagram can also be explained by a quasi-harmonic model (QHM), if the effective mass of STO is assumed, and interactions depend on x, properly [12] .
Although the Barrett's relation was introduced firstly in STO where the transition was considered as displacive type, the same relation was used in KDP under hydrostatic pressure (p) [13] . The T c -p phase diagrams of KDP and deuterated KDP can be explained also by QHM [14] , as well as by QIM [15] . Because a theoretical calculation is very sensitive to the model parameters, proper values should be determined by using experimental results, as reasonable as possible.
In this report we display how to estimate the microscopic parameters from experimental results. By using quantum models with these reasonable parameters, we can explain the isotope effect in STO and KDP.
Formulation
Let us consider an atom with an effective mass m located within the self-potential V(x). We assume a bilinear interaction between the adjacent cells. The mean-field Hamiltonian is written by
where ξ = <x>, γ and h are the order parameter, the interaction parameter and applied field, respectively. Once quantum states in the self-potential are solved, the free energy, entropy, specific heat and permittivity are obtained by the linear response theory [16] . If the phase transition takes at low enough temperature, only two quantum states would be decisive for the thermodynamic quantities; this is a QIM limit. Another tractable method is to replace V(x) by an effective harmonic potential; QHM. It has been noted that both QIM and QHM give the Barrett's relation for susceptibility χ:
Here T 1 is the energy gap between the two quantum states and T 0 is the interaction energy given by
where
In both models, T 0 increases with the interaction parameter γ.
The transition temperature T c is given by a common equation for the both models as
In a classical limit Hereafter we assume that the self-potential V(x) is given concretely by using quantum thermodynamics as reported previously [17] .
Parameters for STO First we mention how the self-potential parameters can be estimated from the Debye-Waller factors of STO reported by Jauch and Palmer [18] . If the stretching motion of Ti-O is hard, then we can put d=0 in (5) T 1 is plotted in Fig. 1 [18] , and the Barrett's parameter T 1 ~84K [9] . In order to explain these facts, we have to take the effective mass of the Slater mode is 50~70, because the quantum energy in the dinger o Schr & & equation
can be scaled by the mass. Here we assume that half of the Debye-Waller factor U 11 comes from the acoustic phonon and the rest from the Slater mode, and two units of STO are coupled to induce the ferroelectric structure. Then the effective mass m will be given by the following,
where M Sr , M Ti and M O represent the respective atomic mass. Further the oxygen mass is considered to be given by the mean mass of (1-x) 16 O and x 18 O. The interaction may be magnified by six in comparing with a single O case. Figure 2 shows the calculated transition temperature T c given by (4) with parameters D=1.2eV, a=4A Susceptibility and soft mode of STO The paraelectric susceptibility is given by the Barrett's relation (2) . The similar formula for the ferroelectric susceptibility can be given analytically. The temperature dependence is demonstrated in Fig. 3(a) for x>x c and (b) for x<x c . At high temperature (T > 50 K), the susceptibility χ obeys to the classical Curie-Weiss law, however, the quantum fluctuation suppress the transition temperature a little. For x<x c , χ keeps a large plateau at low temperature. Figure 3 Temperature dependence of susceptibility and the inversed one.
The soft mode frequency can be expressed by an analytical relation both above and below T c [19] . The temperature dependence of the soft mode is plotted in Fig. 4 . Although the frequency decreases (T-T c ) 1/2 just near the transition temperature, the temperature dependence becomes rather linear in the quantum regime. In the ferroelectric phase the soft mode frequency is proportional to the order parameter ξ. The calculated frequencies for STO18 are 38 cm -1 at 60K and 16 cm -1 at 0K; the former is in agreement with the observed one 3-4meV;
24-32cm -1 [11] , and the latter is consistent with 13 cm -1 [20] . Our theory supports the complete softening of the phonon mode observed in the Raman spectrum [20] .
Parameters for KDP
We have determined the structural change of KDP through the ferroelectric 123K transition by using neutron scattering data [21] . Proton density is obtained by maximum entropy method. The density distribution can be characterized by three parameters U xx =<x 2 which are consistent with the previous ones. Therefore QIM can explain the T-p phase diagram of KDP as well as the isotope effect [15] . Figure 4 Calculated temperature dependence of the soft mode for STO-x.
Remarks
First we discuss about the crystal structure of KDP just above T c . According to the refined analysis [21] , only proton is in disorder and the PO 4 tetrahedron keeps a regular shape; it is not a disordered unit in the paraelectric phase. Once a proton attaches one side of oxygen below T c , the PO 4 tetrahedron distorts to produce a dipole moment perpendicular to the O-H-O bond. Therefore two models can be accepted; (i) proton ordering is the trigger of the phase transition [15] , or (ii) softening of the vibration mode of H 2 PO 4 takes place at the transition [14] . Since the transition is at very low temperature in STO, ground and first excited states should be essential. This will be the reason why the T c -x phase diagram of STO can be reproduced by either QIM or QHM [12] . The satisfactory results with QIM indicates that the quantum mass effect is essential in such phenomena as quantum paraelectricity, appearance of ferroelectricity with replacing heavy isotope or other kind of heavier atom, stress induced ferroelectricity, and so on.
Here let's comment on the isotope effect about Sr and Ti in STO. 2 , for which the oxygen isotope effect in STO could be explained only by the quantum mechanical mass effect [22] .
